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Perturbing the value function

e We worked with the equilibrium conditions of the model.

e Sometimes we may want to perform a perturbation on the value function
formulation of the problem.

e Possible reasons:

[y

Gain insight.

2. Difficulty in using equilibrium conditions.

3. Evaluate welfare.

=

Initial guess for VFI.

e More general point: we can perturb any operator problem that we find useful.



Basic problem

e The previous problem in recursive form:
V (keyz) = max [log ¢t + BE:V (kiy1, ze41)]

s.t. ¢ + kt+1 = eztk?

Zy = pZt—1 + O€¢, €¢ ~ N(07 1)

e Write it as:

V (kt7 Zt, )\) =
max [log ¢; + BE:V (e* ki* — ct, pzr + Aoeryn; A)]

e The solution of this problem is value function V (k, z¢; A) and a policy function
for consumption ¢ (ki, z¢; A).



Expanding the value function

The second-order Taylor approximation of the value function around the
deterministic steady state (k,0;0) is:

V (e, ze; A) ~
Vs + Vl,ss (kt - kss) + V2,sszt + V3,ss>\

1 1 1
+5 Varas (ke = k) + 5 Vizss (ke = K) 2t + 5 Vas,as (ke = K) A

1 1 1
P= V21,sszt (kt - k) P 5 \/22,5521L2 TP = V23,sszt)\

2 2
1 1 1.2 42
+5 Va1,ssA (ke — k) + 5 Va2,ssAze + 5 Va3 A
where
Ve = V(k0;0)
Vies = Vi(k,0;0) fori={1,2,3}
Viiss = Vji(k,0;0) fori,j={1,2,3}



Expanding the value function

e By certainty equivalence, we will show below that:

V3,ss - V13,ss - V23,ss =0

e Taking advantage of the equality of cross-derivatives, and setting A = 1, which
is just a normalization:

V(kta Zt, 1) Vss + Vl,ss (kt - k) P V2,sszt

1 1
+§ Vll,ss (kt - k)2 + 5 V22,sszft

1
+V12,ss (kt - k)Z + 5 V33,ss T oo

e Note that V33 4 # 0, a difference from the standard linear-quadratic
approximation to the utility functions.



Expanding the consumption function

e The policy function for consumption can be expanded as:

Gt =C (ktazt; )\) =~ Css + Cl,ss (kt - k) ale C2,sszt + C3,SSX T ooc

where:
Css = G (k557 0; 0)
Qss = @ (k5$7 0; O)
CG3ss = (3 (kssa 0; O)

e Since the first derivatives of the consumption function only depend on the first
and second derivatives of the value function, we must have that ¢c3 s = 0
(precautionary consumption depends on the third derivative of the value
function, Kimball, 1990).



Linear components of the value function

e As before, we first find the steady state of the model:
k= (af)™=
_o _1
c=(af)== — (af)r=

log ¢

VSS:]_,B

e We substitute the decision rules into the value function and drop the max
operator:

74 (kt,zt; )\) — |Og © (kt7 Zt, A)
+PE.V (e ki — c (kt, ze; N, pze + Ao€ri1;A) =0

e We take derivatives of the value function with respect to the control (c;), the
states (k¢, z¢), and the perturbation parameter \.



Derivatives

e Derivative with respect to ¢;:

;' — BE:Vi1 =0

e Derivative with respect to k;:

V]_,t = ﬁEt Vl,t+1 (aeztkffl)

Derivative with respect to z;:

Voo = BE: [Vi,e16% ki 4+ pVo 111]

Derivative with respect to A:

Va: = BE; [Vo, 11106641 + V3 e41]

We apply the envelope theorem to eliminate the derivatives of consumption
with respect to k¢, z;, and . 7



System of equations |

Now, we have the system:

;' — BEM 111 =0
Vie = BEM r1ce® k@t
Voo = BE; [Va,er1€% ki + pVa i11]
Vst = BE; [Va, 14106541 + Va,041]

Zr = pzi—1 + Aoey



System of equations ||

If we set A = 0 and compute the steady state, we get a system of four equations on
four unknowns, k, Vi e, Vo e, and V3 g

1
- = /5\/1755 =0
@

Vl,ss = B\/l.,ss()ékai1
V2,ss = B [Vl,sskg + ,0\/2,55]

V3,ss - BV3,SS
e Then:
1. Vies= i > 0.
_ _ B k* _ B
2. Vos = 75,70 = wamipn > O

3. Vi =0.



Quadratic components of the value function

From the previous derivations, we have:

et — BE:Vie41 =0
Vie = BE:Vh rp1ce® k!
Vot = BE: [Vh, 118"k + pVa,e41]
Vit = BE; [Var110€e41 + V3 e41]

e We will now take derivatives of each of the four equations with respect to
kt,zt, and \.

e We will take advantage of the equality of cross derivatives.

e The envelope theorem does not hold anymore (we are taking derivatives of the
derivatives of the value function).
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The welfare cost of the business cycle

e An advantage of performing the perturbation on the value function is that we
have evaluation of welfare readily available.

e Note that at the deterministic steady state, we have:

1
V(k,O;X) =~ Vss + 5 33,ss

e Hence %V33,55 is a measure of the welfare cost of the business cycle.

e Note that this quantity is not necessarily negative. Indeed, it may well be
positive in many models, like in a RBC with leisure choice. See Cho and Cooley
(2000).
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Our example

e We know that Vi, = 'ffc.

=

e Then, we can compute the decrease in consumption 7 that will make the
household indifferent between consuming (1 — 7) ¢ units per period with
certainty or ¢; units with uncertainty.

e To do so, note that:

logc 1 logc  log(1—7)

15 23" 15" 18

1—
T=1—exp (2ﬁ V33,ss)
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A numerical example |

e A more realistic example

=
@ ¥

-8 {7

V (k¢ z:) = max
Ct

+ BE:V (key1, Zt+1)]
st.ce + kepr = k0 + (1= 6) ke
z: = pzi_1 + 0ee, € ~ N (0,1)

e We pick standard parameter values by setting

B =0.99,7 = 2,5 =0.0294,0 = 0.3, and p = 0.95.
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A numerical example |l

e Then, we get:

V (ke,ze;1) =~ —0.54000 + 0.00295 (k; — kes) + 0.11684z,
—0.00007 (k¢ — kss)* — 0.0098522
—0.97508 — 0.00225 (k; — Kss) z¢

c(keyze;1) =~ 1.85193 + 0.04220 (k; — kss) + 0.74318z,

2

e Also, the consumption equivalent of the welfare cost of the business cycle is
8.8475e-005, even lower than Lucas' (1987) original computation because of
the smoothing possibilities implied by the presence of capital.

e Use as an initial guess for VFI.
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